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Abstract
This work provides a computational tool for predicting strain and dislocation density in nitridebased heterostructures at equilibrium. The framework and computational tool reviewed in this
thesis has yielded critical layer thickness (CLT) results for nitride-based heterostructures such as

InxGa1-xN/GaN (0001), InxGa1-xN/GaN (1122) and AlxGa1-xN/GaN (0001). The presented CLT
results are compared with calculations via established CLT models and empirical data. Dislocation

density and strain profiles calculated for In xGa1-xN/GaN (0001) and InxGa1-xN/GaN (1122) in
linearly graded configurations are provided. These results demonstrate that with modification J.
Tersoff’s zinc-blende based analysis of dislocation confinement to compositionally graded layers
in multi-layer heterostructures is applicable to nitrides.
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1. Introduction
Nitride semiconductors are of growing interest to the electronics industry for reasons such as large
bandgap energy, stability at high temperatures and other effects related to spontaneous and
piezoelectric polarization1. Utilized in many applications including light emitting diodes (LEDs),
laser diodes (LDs), and High Electron Mobility Transistors (HEMTs), the material properties of
nitride semiconductors contribute to device performance benefits such as high sheet carrier
densities, high breakdown field, and high saturated electron drift velocity6. Despite these
advantages, there remain significant heteroepitaxial problems hindering the realization of the full
potential of these materials.
Most fundamentally, heteroepitaxy is the study of lattice mismatched epitaxial growth. The
subject has historically been dominated by research on silicon-based semiconductors because
silicon remains the choice material for myriad technical and economic reasons; however, interest
and usage of nitride-based materials is increasing dramatically as their potential is uncovered and
technical problems are overcome.
One of the main problems for nitride-based semiconductors is the lack of quality GaN
substrates. Threading dislocation densities as high as 10 8-109/cm2 are found to be pre-existing in
GaN substrates6. Alternative substrates such as SiC polytypes (2H, 4H and 6H) and sapphire (αAl2O3) are often implemented lending to large lattice mismatch and mismatch of thermal
expansion coefficients between substrate and epilayer6. Compounding the substrate problem is the
limited availability of established models for strain and dislocation formation in nitrides.
As interest in nitride-based devices is increasing, heteroepitaxial research on these materials
that is aimed towards reducing defects is crucial for expanding device capability. This work aims
1

to serve as a basis in describing strain and dislocation distribution in nitride-based, uniform and
compositionally graded epitaxial layers grown on GaN substrates, with an emphasis on polar and
semipolar growth orientations.

2

2. Gallium Nitride and Gallium Nitride Based Materials
Wurtzite Gallium Nitride (w-GaN) is a group III-V semiconductor compound with a hexagonal
crystal structure*. While GaN also exists in zinc-blende form, it is meta-stable in that
configuration15. The GaN based alloys most widely utilized in nitride-based semiconductor
devices are InGaN, AlGaN and InGaAlN. Each has distinct electronic properties that offer specific
device performance benefits. One critical characteristic is the wide range of direct bandgap
energies for InN, GaN and AlN, a range of 0.63eV to 6.2eV 2. While green remains the practical
limit for emitters, the direct bandgap range of nitrides theoretically allows wavelengths from
ultraviolet (UV) to infrared (IR)3.
Material

Direct Bandgap Energy (eV) at 300K

Calculated Wavelength λ (nm)

InN

0.634

1970

GaN

3.394

365

AlN

6.24

200

Table 1 Bandgap Energies for InN, GaN and AlN.

Another notable characteristic with a large impact on device performance is the
spontaneous and piezoelectric polarization of wurtzite materials 1. While HEMT devices benefit
from the effects of polarization, LED performance is degraded. Heterostructures grown in the polar
orientation will have a strong electric field that can degrade internal quantum efficiency and
ultimately contribute to efficiency droop in LEDs8. On the other hand, for HEMT devices, the
large bandgap energy and spontaneous piezoelectric polarization of these materials yields
advantages such as high saturated electron drift velocity (10 7 cm/s), high breakdown field (3x106

*

In this work, only GaN with wurtzite structure is discussed and may be referred as GaN.

3

V/cm), and high sheet carrier densities (1013/cm2 ) in the 2-dimensional electron gas (2DEG)6. The
application of AlGaN/GaN over AlGaAs/GaAs for HEMT devices has garnered great interest due
to the achievement of higher output power density and frequency operation (X and Ka bands) 6.
Given the impact of spontaneous and piezoelectric polarization on device performance, research
on the polar, nonpolar and semipolar orientations is an important element in the improvement of
nitride-based devices.

2.1.

Hexagonal Crystal Structure

Figure 1.A. demonstrates the hexagonal structure unit cell of wurtzite materials, defined by its four
axes (used for Miller-Bravais indexing): a1, a2, a3 and c.

Figure 1.(A) Hexagonal Crystal Structure (B) Pyramidal s-plane (0112) (C) Basal plane (0001).

For describing planes and line directions, these axes are represented with Miller-Bravais indices
h, k, i and l. The indices can be determined in the same fashion as is done for the cubic structure,
with the addition of the i index (included because the basal plane is defined by three axes).
However, as depicted in Figure 1.A., the i index depends upon the values of h and k and can be
calculated by

4

= −(ℎ + ).

Equation 1

Figures 1.B. and 1.C. depict examples of a non-basal and basal plane. In terms of Miller-Bravais
indices, these example planes are described as (0112) and (0001), respectively.

2.2.

Lattice Constants

The lengths of the hexagonal structure, describing base dimensions and basal plane to basal plane
dimension, are the lattice constants, a and c, respectively. Lattice constants for a few materials of
interest are given in Table 2. For tertiary materials, lattice constants can be approximately
calculated using Vegard’s law. For example,
(

)=

+ (1 − )

(

)=

+ (1 − )

Equation 2

and
.

Equation 3

For quaternary materials, lattice constants can be determined using the following formula, given
below using AlInGaN as an example5:
= (1 − − )

+

+

.

Equation 4

These lattice constants assume an unstrained hexagonal crystal, estimated at 300K.
Lattice Constant (300K)
a (Å)

Material

c (Å)

GaN

3.18826

5.18556

InN

3.5336

5.6936

AlN

3.1126

4.97886

In0.1Ga0.9N (calc.)

3.223

5.237

5

Al0.1Ga0.9N (calc)

3.181

5.165

α-Al2O3

4.75926

12.99166

SiC (2H)

3.07636

5.04806

SiC (4H)

3.07306

10.0536

SiC (6H)

3.08066

15.11736

2.3.

Table 2 Lattice Constants for select wurtzite materials at 300K.

Thermal Expansion Coefficients

The hexagonal structure undergoes expansion at temperatures above 300K 6. The change in lattice
constant with respect to 300K is given by the thermal expansion coefficient 6,
Equation 5

=

and

=

.

Equation 6

Thermal expansion is very important in the epitaxial study of hexagonal materials because
it can lead to increased lattice mismatch, particularly if there is a large difference in thermal
expansion coefficient between epilayer and substrate6.
Material

αa at 300K

αc at 300K

αa at 600K

αc at 600K

(10-6/K)

(10-6/K)

(10-6/K)

(10-6/K)

GaN

3.16

2.86

4.76

4.26

AlN

4.46

3.56

No data

No data

InN

3.46

2.76

5.76

3.76

α-Al2O3

4.36

3.96

5.66

7.46

6

SiC (2H)

No data

3.0

No data

3.46

SiC (4H)

3.36

3.26

4.26

3.86

SiC (6H)

3.46

3.36

4.26

3.96

2.4.

Table 3 Thermal Expansion Coefficients for Hexagonal Materials.

Elasticity

To compensate for strain introduced by lattice mismatch, the hexagonal structure deforms
elastically. This is the case until the epitaxial layer becomes thick enough that it is energetically
favorable to change plastically and form dislocations7. The extent of the elastic deformation that
takes place is described by the elastic strain. The forces that bring about elastic strain are stresses 6.
Hooke’s law gives us the relation of stress, σ, to strain, ε, by the elastic stiffness constants, C ij. For
the hexagonal crystal structure, there are six elastic stiffness coefficients, with C 66 dependent upon
C11 and C126.
Elastic Stiffness Constants (GPa)
Material

C11

C12

C13

C33

C44

C66

GaN

3536

1356

1046

3676

916

1106

AlN

3976

1456

1136

3926

1186

1286

InN

2506

1096

986

2256

546

706

Table 4 Elastic Stiffness Constants for Hexagonal Materials.

Additional elastic properties that help to describe the heteroepitaxial growth of these materials are
the Poisson ratio, ν, Young’s Modulus, E, Biaxial relaxation constant, RB, shear modulus, G, and
biaxial modulus, Y6:
=

7

,

Equation 7

=

−

=
=

(

,

(

,

Equation 9

)

Equation 10

and
=

2.5.

Equation 8

)

+

.

−

Equation 11

Material

ν

E (GPa)

RB

Y (GPa)

GaN

0.21

322.67

0.57

429.06

AlN

0.21

344.88

0.58

476.85

InN

0.27

171.50

0.87

273.63

Table 5 Calculated elastic properties at 300K.

Biaxial Stress and Relation of Stress to Strain

For polar growth, biaxial stress induces strain tensor components that are given by6

and

=

=

Equation 12

=

,

Equation 13

where a0 and c0 represent the unstrained lattice constants. Given that the relation between stress
and strain is described by the biaxial modulus, Y, as6
=

we have
8

,

Equation 14

= ,

Equation 15

and
=

=

=

+

.

−

Equation 16

Given that the in-plane strain is related to the out-of-plane strain by the biaxial relaxation constant,
RB ,
=−

,

=−

Equation 17

we can see that

Equation 18

=−

and rewrite Equation 16 as
=

=

=(

+

)

+

.

Equation 19

Some choose to include representation of the spontaneous and piezoelectric polarization of
hexagonal crystals in the equation for stress8. This can be approximated by the addition of the
piezoelectric and electric field components, e33 and Ez, respectively6. This is given as
=(

2.6.

+

)

+

−

.

Equation 20

Polarity

Wurtzite GaN is noncentrosymmetric, with its axis of polarity parallel to the c-axis 9. Therefore,
growth in the direction of the c-axis (c-plane growth), interfacing the substrate at either of the basal
planes, has a polar orientation. For this growth direction, the two basal c-planes are not equivalent.
The crystal may be terminated with either Ga or N atoms (Ga-face or N-face, respectively). Given
direction of polarity, there are resultant fixed charges at each end of the c-axis and a large internal
9

electric field10. Because a large internal electric field can be detrimental to device performance,
i.e., lower recombination probability3, alternative orientations are often utilized.
Nonpolar and semipolar orientations can eliminate or reduce polarization effects by having
a non-orthogonal relation between polar c-axis and heterointerface or free surface 11. Nonpolar
orientation is achieved via growth in the direction perpendicular to the c-axis, either a-plane or mplane growth. Semipolar orientation is achieved via growth at an angle with the c-axis that is not
perpendicular nor parallel. Semipolar orientation has numerous possible growth planes, denoted
as s-planes11. A commonly used descriptive angle used to identify the inclination of the c-plane
with respect to the interface is, ϑ. For (1122) growth explored in this thesis, ϑ is calculated by
Equation 21

= .

Angles for additional semipolar “s” planes can be found in Table 6.
C-plane

Inclination Angle
0

ϑ (degrees)11
=
=
=
=
=
=

10

2
3

Polarity

Polar

√3
4
√3

c-planes: (0001), (0001)
(1123)
(1122)

2
√3
2

Possible growth planes 13,11

Semipolar

(1121)
(1012)
(1011)
(2021)

90

Nonpolar

a-plane: (1120),
m-plane:(1010)

Table 6 Polarity by Planes. Calculated angle for s-planes is dependent upon material system.

3. Dislocation Formation and Critical Layer Thickness (CLT)
The critical layer thickness (CLT), denoted as hc, represents the epilayer thickness, h, at which it
becomes energetically favorable to relieve mismatch strain through the formation of misfit
dislocations at the heterointerface7. At thicknesses less than hc, the epilayer material will grow
pseudomorphically, straining elastically to fit the substrate. Once the CLT is reached, the epilayer
will begin to relax misfit strain with plastic deformation via dislocations.
Numerous equilibrium models exist for calculating CLT for isotropic materials, these
established models are often applied to nitrides despite the anisotropic, hexagonal symmetry of
wurtzite materials15. Matthews & Blakeslee’s (M-B) force balance model was applied to nitrides
by Srinivasan et al12 to determine the active slip system for InGaN /GaN (0001)6. This model
considers the balance of forces acting on a pre-existing dislocation in an isotropic material. At an
epilayer thickness that is at or above the CLT, this model considers a pre-exising dislocation in the
substrate bending at the heterointerface and forming a misfit dislocation in the heterointerface 6.
The M-B model CLT is calculated by6
ℎ =

(
| |(

)

)

+1 ,

Equation 22

where b is the Burgers vector magnitude, ν is the Poisson ratio, λ is the angle between direction in
the interface plane that is normal to the dislocation line direction and the Burgers vector, θ is the
angle between the dislocation line direction and the Burgers vector, and r0 is the dislocation core

11

radius, proportional to the Burgers vector magnitude. Finally, f is the lattice mismatch strain, given
by
=

Equation 23

.

On the other hand, the work of Holec et al considers an energy balance model approach
to CLT for nitrides. This approach implements a calculation of elastic energy that considers the
anisotropic, hexagonal symmetry of wurtzite materials 7,15. This model is based on the
comparison of dislocation energy (Ed) and strain energy (Eε), giving the following criterion for
CLT6,7,15
=

3.1.

Equation 24

.

Polar Slip System and Geometry of Dislocations

The active slip system for a polar InGaN/GaN heterostructure is

12

< 1123 > {1122}12.

Figure 2 Slip System < 1123 > {1122}

The dislocation line direction, < 1101 >, shown in Figure 2 at the interface of substrate and

epilayer, is where MDs form. The plane of dislocation motion, or plane of slip, is {1122}. Finally,
the Burgers vector has a + c character (mixed, see Table 7), defined as < 1123 >. It is theorized
that dislocations glide from the free surface to the interface via this slip system 7.
Dislocation Type
a+c
Burgers Vector

a1

E.g. < 1123 >

1
< 2110 >
3

Table 7 Dislocation Types

a2

a3

1
1
< 1210 >
< 1120 >
3
3

There are three main descriptive angles for a dislocation: θ, ϕ and λ, the angle between the
dislocation line and Burgers vector, the angle between the burgers vector and the normal to the
heterointerface and the angle between the burgers vector and the direction normal to the line
direction, within the plane of the interface. For the < 1123 > {1122} slip system, it is visually
evident that θ is 90 degrees. Using simple trigonometry and values for lattice constants, ϕ is
determined by
.

=

Equation 25

As an example, for the In0.1Ga0.9N system, ϕ is 31.61 degrees, determined by
.
.

=

.

Equation 26

Moreover, it is evident that
+

13

= 90°

Equation 27

Therefore, λ is 58.39 degrees.
This active slip system was determined by Srinivasan et al. theoretically via the M-B
equilibrium model, and experimentally via transmission electron microscopy (TEM) imaging
(TEM observations were found to be consistent with the proposed slip system) 12. Basal, prismatic
and pyramidal slip systems were all considered. As the M-B model indicates, in order for a
dislocation to propagate, the force of the mismatch stress, Fa must exceed the force resisting the
motion, Fl, also known as line tension12. The mismatch stress is a shear stress occurring in the line
direction, shearing along the active prismatic plane12. The mismatch stress is calculated by
=2

Equation 28

ℎ

where b is the Burgers vector magnitude. The Burgers vector, having a and c components, is given
by
=

Equation 29

+ .

Therefore the magnitude is given by
=√

+

.

Equation 30

Srinivasan et al. determined that only three slip systems had a nonzero shear component in the

shear stress equation, Fa. To have a nonzero shear component, λ ≠ 90 degrees. Only slip systems
that have Burgers vector with a and c components and polar growth achieve this criteria. While
the primary slip system for wurtzite structures is considered to be the basal slip system, this system
is inactive due to a non-existent shear stress12. With the field narrowed down to three slip systems,
the force balance model with consideration of the Peierls force (Fp) or force of friction restricting
dislocation, was used to determine the active slip system 12. (Inclusion of the Peirls force renders
14

this a non-equilibrium model.) The slip system achieving the largest net force (Fnet) thus having a
mismatch stress force that exceeded the resistance imposed by the line tension and friction was
determined as {1122} < 1123 >.

The force balance model is expressed mathematically as12
=

−

−

(

)

Equation 31

,

where
=

Equation 32

+1

and
=2

ℎ

∙

(
(

)

)

Equation 33

.

Here h is film thickness, d is slip interplanar spacing and ω is a material constant12. This equation
for Peierls force is not proportional to dislocation glide velocity because it is considered to be a
mechanical glide and not a diffusive glide12.

3.2.

Semipolar Slip System and Geometry of Dislocations

For nonpolar and semi-polar growth, the resolved shear stress remains the determining factor for
active slip system13. Furthermore, much of the same nomenclature and equations can be applied,
with variations accounting for differences in geometry. Romanov et al. demonstrate a basal active
slip system, 〈1120〉(0001), for AlGaN and InGaN semipolar heteroepitaxy on semipolar GaN
substrates11. The semipolar orientation experimented with by Romanov et al. is (1122).
Characterization via TEM and high resolution x-ray diffraction (XRD) shows MD formation at the
semipolar heterointerface with < 1100 > line direction and
15

< 1120 > Burgers vector. Since

the vector a3 is also equivalent to [1120], this dislocation type is characterized as pure edge, a3dislocation11. Romanov et al. hypothesize that MDs, in the semipolar structures studied, formed
from pre-existing TDs; strain is relaxed in the epilayer by motion of TDs in the substrate causing
an increase in MD length11.

3.3.

Dislocation Energy

Dislocations have multiple energy components; the elastic energy of the material surrounding the
dislocation core, Eelastic, and the energy of the dislocation core, Ecore 14. The energy to form a
dislocation is described mathematically as14
=

+

Equation 34

.

Considering the hexagonal symmetry of wurtzite materials, Eelastic is given by14
=

,∥

+

,

+

Equation 35

,

where be,‖, be,┴ and bs are components of the Burgers vector representing: the edge parallel to the
heterointerface, the edge normal to the heterointerface and the screw components, respectively 14.
R and rc are the outer radius for the dislocation and the core radius for the dislocation. A, B and C
are coefficients dependent upon composition. The addition of the core energy is not always
considered because it is not well understood, however the work of Holec et al. has estimated the
core energy for some wurtzite materials and shown the improvement in critical thickness
accuracy14. Dislocation energy is therefore given as14
=

16

,∥

+

,

+

+

.

Equation 36

In the M-B force balance model equation for line tension, the dislocation core energy is
approximated by the added second term within brackets (the addition of one to the natural
logarithm term). In consideration of the work of Holec et al., which demonstrated the importance
of actual dislocation core energy in critical thickness models, this work implements the actual
dislocation core energy into the isotropic equation for dislocation line energy, Fd,
(

=

(

)

)

+

Equation 37

,

where core radius is proportional to Burgers vector by a factor that varies with dislocation type.
Ecore values are given in in the following table14.
Material

Ecore (eV/Angstrom)14

Dislocation Type14

Core Radius14

GaN

1.61

a

2b

GaN

3.12

a+c

b

AlN

1.71

a

2b

InN

1.66

a

2b

Table 8 Dislocation Core Energy Values for Hexagonal Materials. Core radii established from
atomistic results14.

Core energy for tertiary materials can be calculated using Vegards Law 14. For example, core
energy for InxGa1-xN is calculated by
(

)=

(

) + (1 − )

(

).

Equation 38

For the simulations presented in this work that are assuming a+c type dislocations, we have
estimated Ecore values for InN and AlN based on the variation in Ecore for a-type dislocations.

17

3.4.

Misfit Strain and Strain Energy

For an epilayer straining to grow pseudomorphically on a mismatched substrate, the strain caused
by mismatch of epilayer to substrate, εm, is equivalent in all directions of the c-plane 15. Thus,
=

=

=

.

Equation 39

The basal lattice constants are given for the substrate and epitaxial layer by as and ae, respectively.
This assumes polar growth, in which the growth direction is the c direction (parallel to the z-axis).
In this orientation the epilayer free surface renders the c direction stress as zero 16,
= 0.

Equation 40

Once plastic deformation commences, strain is partially relieved and strain energy is
modified. With the active slip system, three arrays of misfit dislocations form, each array rotated
60° simultaneously15,17. These arrays relax strain by15
°

=

°

=

.

Equation 41

In this equation, bc is the c-plane, mismatch strain relieving component of the Burgers vector for
the dislocations. The distance between dislocations is given by l15. Figure 3 shows dislocation line
spacing as well as the angle, α, between the dislocation lines and x-axis 15. If the other dislocation
arrays were depicted, another array would exist 60° rotated from α and yet another array 60°
rotated from that array (or 120° rotated from α).

18

Figure 3 Depiction of spacing between misfit dislocations in hexagonal materials. Based on figure by
D. Holec15.

The mismatch relieving component of the Burgers vector, bc is obtained from14
=

,∥

.

=−

Equation 42

Given the following relation
.

=

Equation 43

and observing from Figure 2, we can see that
=

and

=

Equation 44

∥

,∥

=

.

Equation 45

We can also see from Figure 2 that is be,|| is equivalent to a.
Heterostructure
In0.1Ga0.9N /GaN(0001)

Slip System

λ

Angle (degrees)
φ
31.61
90

1
58.39
< 1123 > {1122}
3
Table 9 Tabulation of angles for InGaN/GaN (0001) active slip system

The modified, or partially relaxed, strain is given by16
19

θ

=

+

°

.

Equation 46

Strain energy per unit area is calculated by15,16
=

20

∥

ℎ=

+

+

−

ℎ.

Equation 47

4. Dislocation Density and Strain
As dislocations begin to form and propagate at the heterointerface, strain is relaxed in the epilayer.
The work of J. Tersoff extends this characterization by providing quantitative analysis of how
strain and dislocation density change throughout an epilayer and the effect of compositionally
graded epilayers on strain and dislocation density profiles18.
As discussed in Section 3.4, assuming a network of 60° dislocations, modified or relaxed
strain is given as16
( )=

( )

( )+

Equation 48

,

where ρ(y) is the dislocation density for a cross-sectional area at y distance from the
heterointerface18. Strain energy per unit area is then given by16,19
=

( )

( )+

.

Equation 49

Similarly, the dislocation energy considering this network of parallel dislocations is given by 19
=2

( ) ( )

.

Equation 50

The total energy is calculated as the sum of dislocation energy and strain energy19,
=

( )+

( )

+2

( ) ( )

.

Equation 51

To calculate the dislocation density, an energy minimization routine is applied. This routine is
intended to find the minimum energy configuration for the heterostructure, also known as the
equilibrium configuration19. This is accomplished by minimizing total energy with respect to
dislocation density18. Interactions between dislocations, i.e., annihilation, are not considered 19.
21

To describe dislocation density in a cross-sectional area, Tersoff begins with the simple
case of dislocation density per unit length at the interface, κ. This value is given by the reciprocal
of the dislocation-dislocation spacing, D,18
Equation 52

= .

This is the case for a uniform layer at equilibrium, with all dislocations remaining at the
interface18. Defining dislocation density per unit area, Tersoff makes an important determination:
for a graded layer, mismatch strain is largest at the epilayer surface and least at the
heterointerface18. This is because at equilibrium, up to a certain thickness (which Tersoff denotes
as zc, herein called yd), there will be the exact dislocation density necessary to negate mismatch
strain18. Thus, if Cf is the grading coefficient, or the change in lattice mismatch strain per unit
distance y from the interface, and yd marks the distance beyond which no dislocations exist, then
we have19
( )=

( )

0,

,

>

≤

.

Equation 53

To find yd19,
=ℎ−

.

Equation 54

Ultimately, Tersoff’s work shows quantitatively how graded layers can confine dislocation
density18. Results shown in Section 5 of this work reviews that possibility for wurtzite
heterostructures.
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5. Modeling of CLT, Dislocation Density and Strain
5.1.

Energy Minimization

For this work the implementation of heterostructure modeling was made using MATLAB.
Heterostructure and growth parameters are entered as inputs, and the program calculates numerous
material properties and energy calculations necessary for the energy minimization routine devised
by Bertoli et al.19.
For a given epilayer, the minimization of the sum of strain and dislocation energies at
equilibrium, is accomplished by the following steps19. To begin, an epilayer is divided into N
sublayers and elastic properties are calculated based on material system. Initially, the strain profile
is set to the pseudomorphic case and dislocation density in each sublayer to set to zero. Starting
the minimization process, the dislocation density is increased in the jth and j+1 layer (starting with
the first sublayer) by an amount, Δ,
Equation 55

[ ] = [ ] + ∆.

Where Δ is given as
∆=

∑

Equation 56

[ ]
.
[ ] [ ]

Following this increase, the partially relaxed strain profile and the adjusted energy per unit area
are calculated for the remaining layers16 by
[ ]+∑

[ ]=

Equation 57

[ ] [ ]ℎ[ ]

and
=
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+

=∑

[ ] [ ]ℎ[ ] +

[ ] [ ]ℎ[ ] .

Equation 58

Where the line energy is calculated using actual core energies by16
[ ]=

[ ] [ ] (
(

)

)

[ ]
[ ]

+

[ ].

Equation 59

R is the distance between the nth layer and the free surface, and r is the dislocation core radius.
Dislocation core radius depends on growth orientation, material system and dislocation type. As
an example, core radius for polar growth with a+c type dislocations is given by
[ ] = 2 [ ].

Equation 60

Next, dislocation density is decreased in the jth and j+1 layer (starting with the first sublayer) by
the amount, Δ, returning to the starting point, and the process of determining strain and adjusted
energy per unit area is repeated. This same procedure is repeated with every possible combination
(total of 9) of change to dislocation density in a sublayer by ±Δ and no change at all, i.e., increase
jth layer by Δ and decrease j+1 layer by Δ.
Once all of the possible cases have been examined, the energy per unit area calculations for
the 9 cases are compared. The computational tool determines the case that presents the minimum
energy configuration for that sublayer and repeates for all sublayers.

5.2.
5.2.1.

Critical Layer Thickness
Polar CLT Computed Results

For the active slip system of a polar heterostructure, the CLT of an InGaN uniform layer (UL)
grown on a GaN substrate, was calculated for varying indium concentrations and is shown in
Figure 5. For the inactive slip system (basal), the same analysis is given in Figure 6. At
thicknesses under 2nm, the model introduces non-physical oscillations in the dislocation density
profile. The maximum indium concentration has been adjusted accordingly, limited to the point
24

of oscillation occurrence. The heterostructure parameters implemented for these calculations are
depicted in Figure 4.
CLT results are compared with calculations completed by Holec et al. 7. The worst-case
percent difference between the presented work for the active slip system and the work of Holec
et al. is 25%. The worst-case percent difference for the inactive slip system and the work of
Holec et al. is 50%. We compare to the work of Holec et al. because that work introduced and
implemented the concept of calculating dislocation energy with an actual core energy instead of
an approximation, however there are known systematic differences between isotropic and
anisotropic models.

Figure 4 Diagram of Polar Heterostructure implementing uniform layer, used for calculation of CLT
as a function of indium concentration.
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CLT: InxGa1-xN/GaN (0001)
Dislocation Type a+c

100

Holec Model (2008 Work)

Critical Thickness (nm)

This Work

10

1

0.05

0.15

Indium Content

0.25

0.35

Figure 5 Computed Critical Thickness for Polar InGaN/GaN Heterostructure as a function of indium
concentration, assuming the active slip system,

< 1123 > {1122} 16. Shown in comparison to

theoretical analysis by Holec et al.7.
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CLT: InxGa1-xN/GaN (0001)
Dislocation Type a

100

Holec Model (2008 work)

Critical Thickness (nm)

This Work

10

1

0.05

0.15

Indium Content

Figure 6 Computed Critical Thickness for Polar InGaN/GaN Heterostructure as a function of indium
concentration, assuming the inactive basal slip system,

< 1120 > {0001} 16. Shown in

comparison to theoretical analysis by Holec et al.7.
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CLT: AlxGa1-xN/GaN (0001)
Dislocation Type a+c

Critical Thickness (nm)

100

This Work

10

1

0.15

0.25

0.35

0.45

0.55

0.65

Aluminum Content

0.75

0.85

0.95

Figure 7 Computed Critical Thickness for polar AlGaN/GaN heterostructure as a function of
aluminum concentration, assuming the active slip system,
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< 1123 > {1122}.

5.2.2.

Survey of CLT Experimental Data for InGaN/GaN (0001)

Indium Conc.

CLT (nm)
Dislocation Type
Author(s)
Experimental
0.1
100
a+c
Srinivasan et al.12 via Holec et al.14
0.17
100
a+c
Liu et al.20 via Holec et al.14
0.16-0.2
3
Unknown
Costa et al.21 via Holec et al.14
0.224
6.4
a
Holec et al.14
0.234
6.4
a
Holec et al.14
Table 10 Survey of experimentally obtained CLT for various indium concentrations.
5.2.3.

Semipolar CLT Computed Results

For the active slip system of a semipolar heterostructure, the CLT of an InGaN UL grown on a
GaN substrate, was calculated for varying indium concentrations, and is given in Figure 9. These
results are provided with comparison to analysis via the M-B model by various authors. Actual
core energy was not implemented for the semipolar analysis shown in this work. Implementation
of actual core energy for semipolar orientation is easily added to this computational tool.
However, lacking data from other sources for a reasonable comparison and finding unexpected
CLT results when implemented, we have started with analysis using the approximation of core
energy. The worst-case percent difference between this work and M-B analysis is 30%.

Figure 8 Diagram of Semipolar Heterostructure implementing UL, used for calculation of CLT as a
function of indium concentration.
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CLT: InxGa1-xN/GaN (11-22)
Dislocation Type a3

100

This Work

Matthews & Blakeslee Analysis (Romanov et al)
Matthews & Blakeslee Analysis (Hsu et al)

Critical Thickness (nm)

Matthews & Blakeslee Analysis

10

1

0.05

0.25

Indium Content

0.45

Figure 9 Computed CLT for Semipolar InGaN/GaN Heterostructure as a function of indium
concentration, assuming the active slip system, 〈1120〉(0001). Shown in comparison to calculation
via Matthews & Blakeslee model by Romanov et al. 11 and Hsu et al.13. Presented at MS&T 2013.
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5.3.
5.3.1.

Dislocation Density and Strain
Polar Dislocation Density and Strain Computed Results

Equilibrium dislocation density and strain of an InGaN graded layer (GL) buried by a UL, grown
on a GaN substrate via polar growth and assuming the active slip system, was calculated as a
function of distance from the heterointerface. This heterostructure is depicted in Figure 10 with
analysis provided in Figure 11.

Figure 10 Diagram of Polar Heterostructure implementing GL and UL.
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Computed Equilibrium Strain and Dislocation Density
for Polar InGaN/GaN Heterostructure

10
9

Dislocation Density

8

6

Strain

7

5

6

In-Plane Strain (|ε|) 10-4

Dislocation Density (109 per sq cm)

7

4

5

3

4
3

2

2

1

1
0

0

0.1

0.2

0.3

0.4

Distance from Substrate/Film Interface (10-4 cm)

0.5

0.6

Figure 11 Computed Equilibrium Dislocation Density and Strain for Polar InGaN/GaN
Heterostructure implementing GL and UL16.
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5.3.2.

Semipolar Dislocation Density and Strain Computed Results

For the active slip system of a semipolar heterostructure, equilibrium dislocation density and
strain of an InGaN graded layer (GL) buried by a UL, was calculated as a function of distance
from the heterointerface. This heterostructure is depicted in Figure 12 with analysis provided in
Figure 13. As discussed for semipolar CLT, an approximation of core energy was implemented
for these results.

Figure 12 Diagram of a Semipolar Heterostructure implementing GL and UL.
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Computed Equilibrium Strain and Dislocation Density
for InGaN/GaN Semipolar Heterostructure
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Figure 13 Computed Equilibrium Dislocation Density and Strain for Semipolar InGaN/GaN
Heterostructure implementing GL and UL. Presented at MS&T 2013.
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6. Discussion and Conclusion
The analysis method implemented in this work utilizes the discoveries made by various sources,
Matthews and Blakeslee, J. Tersoff, and Bertoli et al., by modifying these methods for wurtzite
materials22,18,19. Additionally, this work incorporates the findings of Holec et al., which have
demonstrated the importance of using actual dislocation core energy, instead of an approximation,
in better characterizing dislocation formation3. Unlike the work of Holec et al which used a
hexagonal approximation method for elastic energy, this work implements an isotropic model for
dislocation line energy. Given the systematic differences between an isotropic model and an
anisotropic hexagonal approximation, the observed differences in CLT are expected. In future
work, the hexagonal approximation would be implemented in this computational tool.
The CLT calculations presented by this work, and by other work, are far less than
experimentally obtained data. The reason for this is multi-fold. First, this work and the other works
presented are equilibrium calculations, not kinetic models. The equilibrium model does not
account for kinetic effects that may counteract or encourage dislocation formation or glide, nor
does it account for dislocation-dislocation interaction and annihilation 6. Furthermore, it has been
theorized that some experimental methods do not reliably detect the precise initialization of
dislocation formation14. The work of Fritz23 shows how limited experimental resolution,
specifically strain resolution, in addition to initially slow strain relaxation, can be a factors in the
over-estimation of CLT6. Another possibility for explaining overly large experimentally
determined CLT is the thickness resolution of the generated samples6. In order to determine onset
of strain relaxation, multiple samples must be generated at varying thicknesses.
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The equilibrium strain and dislocation density results provided for wurtzite materials
provide a clear picture of how these materials compare to zinc-blende analogues. These data lead
us to the same conclusions of J. Tersoff for zinc-blende materials:
1) The most strained material is at the epilayer free surface18.
2) The least strained material is in the dislocation region 18.
3) There is linear strain transitioning between the dislocation region and region of large
strain18.
This work concludes that:
1) With modification for nitrides, J. Tersoff’s aforementioned behavioral characteristics of
dislocation density and strain apply to polar and semipolar wurtzite heterostructures.
2) In polar and semipolar nitride-based heterostructures, graded layer epitaxy remains an
effective means of limiting dislocations to a buffer layer.
The equilibrium work provided in this thesis is a starting point towards a kinetic model for
dislocation density and strain in nitride-based semiconductors. Extending this work into a kinetic
study would be an important distinction, one that would bring us closer to accurately predicting
dislocation formation and strain in nitride-based heterostructures and matching empirical data.
Furthermore, extending our computational ability to allow for more material systems and nonpolar
orientations would allow this work to serve as an important modeling tool in designing
metamorphic device structures.
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